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Employing the random matrix formulation of Chern-Simons theory on Seifert
manifolds, we show how the Stieltjes-Wigert orthogonal polynomials are useful in
exact computations in Chern-Simons matrix models. We construct a biorthogonal
extension of the Stieltjes-Wigert polynomials, not available in the literature, nec-
essary to study Chern-Simons matrix models when the geometry is a lens space.
We also study the relationship between Stieltjes-Wigert and Rogers-Szeg6 polyno-
mials and the corresponding equivalence with a unitary matrix model. Finally, we
give a detailed proof of a result that relates quantum dimensions with averages of
Schur polynomials in the Stieltjes-Wigert ensemble. © 2007 American Institute of
Physics. [DOL: 10.1063/1.2436734]

I. INTRODUCTION

In the late 1980s," Witten considered a topological gauge theory for a connection on an
arbitrary three-manifold M, based on the Chern-Simons (CS) action,

k 2
Scs(A)=—| TrlAAdA+-AA~AANA], (1.1)
4 )y 3

with k an integer number. One of the most important aspects of Chern-Simons theory is that it
provides a physical approach to three dimensional topology. In particular, it gives three-manifold
invariants and knot invariants. For example, the partition function,

Z(M) = f DAeiScs)| (1.2)

delivers a topological invariant of M, the so-called Reshetikhin-Turaev-Witten invariant. Recent
reviews are Refs. 2 and 3.

As reviewed in Ref. 3, a great deal of interest has been focused on the fact that Chern-Simons
theory provides large N duals of topological strings. This connection between Chern-Simons
theory and topological strings was already pointed out by Witten® (see also Ref. 6), and then
extended in Ref. 7.

Recent progress in Chern-Simons theory includes a description of Chern-Simons theory on
certain geometries in terms of models of random matrices. Consider the partition function of
Chern-Simons theory on a Seifert space M=X(p,/q,,...,p,/q,). This is obtained by doing sur-
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gery on a link in S® with n+1 components, out of which n are parallel, unlinked unknots, and one
has link number 1 with each of the n unknots. The surgery data are p i/ q; for the unlinked unknots,
j=1,...,n, and O for the last component. The partition function i is* (see Appendix C for details on
the notatlon)

A+
Zos(M) = (- D (VO]A )[sgn(P )] o (midi4)sgn(HIP)~(midy/121) b
s W|@mi) \ VolA, ) |P™?

1T I1 2 sinh(Bar2p))
x S| dperrecusElel . (1.3)
teAJHA, IT (2 sinh(Bar2))*2

a>0

This expression gives the contribution of the reducible flat connections to the partition functions.
Recall that for both S* and lens spaces this amounts to the exact partition function. The case n
=0 corresponds to the three-sphere S° that leads to Eq. (1.5). Thus, for the case of U(N), and
focusing on a particular sector of flat connections, we get the following matrix model:

n

N [T 11 2 sinb[(y, - y)/2p;]
ZesM) =TT | dyeir2er Iy =L K< - (1.4)
i I T (2 sinh[(y,— yp/2])"
k<l

Of course, the simplest case is that of S* with gauge group U(N), which is given by the partition
function of the following random matrix model:

Z= - H et /2g51_[

(gA/IZ)N(Nz 1) (
N i<j

d
2 sinh —21) Z_M (1.5)
T

From the point of view of topological strings, this describes open topological A strings on T"S?
with N branes wrapping $3% This latter case, as shown in Ref. 8, can be studied with usual
techniques of random matrix theory. More precisely, the Stieltjes-Wigert polynomials, a member
of the ¢g-deformed orthogonal polynomial family,9 allow us to compute, in exact fashion, quantities
associated with the matrix model. In the computation, the g-parameter of the polynomials turns
out to be naturally identified with the g-parameter of the quantum group invariants associated with
the Chern-Simons theory. This is so because the previous model can be easily mapped into

ZZJ[dM]C_(l/zgs)Tr(IOg M)z’ (1.6)

named Stieltjes-Wigert ensembles, after the associated orthogonal polynomials.

Chern-Simons matrix models have been further considered in Refs. 10-17 and also play a
central role in g-2D (two-dimensional) Yang-Mills theory.lg_23 Most of these works focus on the
relevance to topological strings. In Refs. 8 and 10, the emphasis is on exact solutions and on the
special features of the matrix models. The works of Caporaso et al."”*** also make an extensive
use of the properties of the Stieltjes-Wigert orthogonal polynomials. We shall be focusing here on
the aspects of the Chern-Simons matrix models that have to do with the associated system of
orthogonal polynomials.

This paper is organized as follows. In the next section we shall construct a biorthogonal
extension of the Stieltjes-Wigert polynomials, in order to study the matrix model [Eq. (1.4)] when
n=1 and n=2. These polynomials have not been discussed in the (vast) orthogonal polynomials
literature, so most of our effort is on their derivation and to establish some of its fundamental
properties. They are necessary if one wants to obtain full analytic results when the geometry is
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something more complicated than S°. Note that matrix models in the lens space case have already
been studied (with loop equations),13 but if one desires an all order result as in Ref. 8, the
knowledge of orthogonal polynomials is then necessary. After the construction of the biorthogonal
Stieltjes-Wigert polynomials in Sec. II, we discuss some of their mathematical properties in Sec.
IT A. In Secs. III and IV, we discuss several aspects of the Chern-Simons matrix models by
focusing on the properties of the (ordinary) Stieltjes-Wigert polynomials. In particular, in Sec. IIT
we employ the intimate relationship between Stieltjes-Wigert and Rogers-Szegd polynomials to
find the exact relation between the Stieltjes-Wigert matrix model and Okuda’s unitary matrix
model" (see Sec. III for its definition). Finally, in the last section we give a detailed proof,
employing a mixture of combinatorial and orthogonal polynomial results, of the equality between
quantum dimensions and averages of Schur polynomials in the Stieltjes-Wigert ensemble.” We
conclude with a summary and with some avenues for further research, presented in the Conclu-
sions and Outlook.

Il. BIORTHOGONAL STIELTJES-WIGERT

Let us consider the generic expression [Eq. (1.4)] in the n=1 and n=2 cases, which corre-
spond to the case of lens spaces. We are led to a biorthogonal extension of the S* model,

N
—y. d
[ e‘“?’2gs| [ (2 sinh u)(2 sinh —L> el (2.1)
. o 2P 20

Recall that a biorthogonal ensemble of random matrices has the probability density 2

N
P(xy, ....xy) = CNH w(xi)H (x; _xj)(xf_xf)s (2.2)

i=1 i<j

where k is a fixed real number. In total analogy with the usual Hermitian case (k=1) one can study
Eq. (2.2) by considering a pair of biorthogonal polynomials,

J w(x) Yn(x7k)Zm(x9k)dx = hn k5n mo» (23)

with

JY (x,k)x e (x)dx = a(k)5n],
(2.4)
f Z,(x, k)X w(x)dx = BY Onj

We warn the reader that the term biorthogonal is employed in different contexts in the literature.
The classical cases (Hermite, Laguerre, and Jacobi) were worked out in Ref. 24. Note that Eq.
(2.2) is exactly the type of ensemble that Eq. (2.1) leads us to consider since

o f 1 i i TT (2 sinh(%))(z Sinh(u>>

i<j 2Q
_Na? dyl i
=g ’zfﬂ—e g v (y1P = Py (3110 — y10), (2.5)
i 2 i<j

a2y W 2=1/2g, and a=—1-B(N-1)/2,8=1/P+1/Q. Finally, with y,
and some rewriting,

with »—log e
—e(P-D2P P
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dw;
7PQ _ pNo-NI4C(U/P + BN - 1)/2)? J 1T 2_7716—;«2132 log? AT G - xj)(xf/Q _x;’/Q)’ (2.6)
i

i<j

which is of the form Eq. (2.2) with the log-normal (Stieltjes-Wigert) weight function: w(x)
—e <P 102’ % the g-parameter is then g=e~"/>< P’ = 8/"’, Therefore, if we want to go beyond the
S3 case one has to construct the biorthogonal Stieltjes-Wigert polynomials, not available in the
literature. Thus, this is our main task in what follows. The method we have chosen is based on a
simple but fundamental result by Askey, which relates the g-Laguerre orthogonal polynomials and

the Stieltjes-Wigert polynomials,25

lim Ly(g~"x:q) = S,(x3q), (2.7)

a—®

and then we take into account the biorthogonal construction of the g-Laguerre polynomials,
carried out by Al-Salam and Verma in the early 1980’s. The resulting polynomials were named
g-Konhauser as they could also be interpreted as a g-deformed version of the biorthogonal La-
guerre polynomials, worked out by Konhauser. The Stieltjes-Wigert (SW) polynomials are”’ (in
Ref. 25 they appear, in Eq. (2.5), slightly reformulated)

1 < 2
Suxlg) = —+2 {n} (=D'q"x". (2.8)
(q’CI)nr:O r q

The limit (2.7) will provide us with a biorthogonal extension of the SW polynomials starting
with the g-Konhauser polynomials. Therefore, following Ref. 26, let us write

n B e (ta
[q1+a]nk (C] nk.qk)]_ql/2[k1(k] 1)]+kj(n+a+1)

Z\9(x,k|q) = : i (2.9)
(d":d9, 7= (q":4") La" Yy
and
1 T (12)[r(r-1)]
YD klg) = — > T ———pe, (2.10)
[q]n r=0 [q]r
with
a d [q_r]S s( 1+a+s. k

s=0 [q]s

These polynomials satisfy

[ql+a]nkq_nk

(Z\D(x,k|q), Y\ (x,k|q)) = K5,,,  with k¥ = P (2.12)
q1n
with respect to the normalized g-Laguerre measure,”®
1_‘ a
w(x) = o(@) al a>-—1. (2.13)

Il +a)(1-g)* -]

We have to study
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(2.14)
In the first case, one readily finds
(q—nk;qk) _q1/2[kj(kj—1)]+kj(n+1) )
T E T3 o 219
l’lj =0 9
which can be conveniently reexpressed as
1 o | n 120 Pk(k+1)] e
=% & E (=Dg"™" x (2.16)
(q q )n r=0 LT qk

we have to find b,=lim,_... ¢"*"b;". Employing cjr—Taylor26 one can write

(q1+a k) _Ex[l/x] 2 [q—r]s s( l+a+s, ) (2.17)
— Lal o lals

therefore

. x'Tq%/x], b
(grigh), = > T marpe

7 (2.18)
r=0
Taking the &— ¢ limit and using the finite g-binomial theorem,’
(530, = 2 ==b,, = E (- 1) { } g ARy (2.19)
r=0 [ ] r=0 q
so that
b 12[kr(r=1)]+r
=(-1) q . (2.20)
[q] qk
For later use note that one also has
b,, 1(d\"
[q—j = ;(a) (gx:6")lsc0- (2.21)
From this one gets
— @E (=1) [ } l/2[r(r+1)]+l/2[kr(r—l)]xr. (2.22)
n r=0 g*

For k=1, both polynomials reduce to the Stieltjes-Wigert polynomials [Eq. (2.8)]. Writing
X k+--- one finds

—nk. k n 1/2[nk(k+1

UL TR WA el Vi Mt 223

k=T 2 4 = k. k (2.23)
(q“:9");, (4":4"),

and
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1 ( 1)n 1/2(k+1)n(n-1)+n

d (n)
_ 1/2[n(n—1)]<_> k
Yok = q (%3¢ li0 = . (2.24)
" nilq), dx T [ql,

This leads to

S (2.25)

with respect to the measure Adx/ [—x]oc[—q/x]w, with A such that (1,1)=1 and

—nk

q
h,= . (2.26)
(4],
Using this, we can find, for example,
ZP0 _ N'( 8s ) q—N/2P2[—(1 +1/2(1 + PIQ)(N - 1))2+1+4/3(N2—1)]H (1- qj/PQ)N—j (2.27)
2 ’ ’

j=1

which reduces to the known formula when P=Q= 1."® One can obtain Eq. (2.26) from kfl“) in Eq.
(2.12) by taking the limit «— . However, it is interesting to obtain the corresponding biorthogo-
nal polynomials as well, whose properties we study in the next section.

A. Mathematical properties of the biorthogonal polynomials

Since the biorthogonal Stieltjes-Wigert polynomials have not been addressed in the literature,
we derive here some of its fundamental properties.

1. Behavior under dilatation

First, we find some generating functions

S

; = 2.28

n=0 " (t;qk)oo ( )
and

L], g(tx)

, 2.29

2 (g, skl = (229
with

q1/2[r2k(k+l)] q Hr-1)12 d\®
f=2 3 (2" and g(x)= 2 (-) (gx:q"ulic0.  (2.30)
r=0 ( ) r=0 dx

We rely for this on formula (4.2) from Ref. 26. The expression for Z is essentially property
(4.1) in Ref. 26. For Eq. (2.29)
introduce the moment generating function,

g(t,x) = 2 [q]n

=0 (d"5qM, "

(2.31)

which can be written as
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RRSSYAL FL Sy,

g ( d >(’)E (gx:6"),"

r=0 r! dx n=r (q »q ) r=0 r! n=0 (q .q )
(r=1)/2 (r) .k r(r=1)/2 (r)
q" d\"(gxt;q). 1 q d _
el xr(@) (t:g".. (14D Eo FEA VS (@ )l0 17 47"
r= . ’ [=S] ’ 0 p= .

(2.32)

In the second line, the extra piece we add, being a degree r—1 polynomial in x does not
contribute due to the derivative. In the third line we use the g-binomial theorem, and in the fourth
one we make the change of variable x — xt.

Now, by taking Eq. (2.29) with x— \x, introducing in the right-hand side (rhs) the factor
(N:¢")../ (t;¢").. and matching the coefficients of # on both sides one gets

n

(2.33)
j=0
with
[q]; (¢":4") N (N,
Yui(N) = e k. k k. k L (2.34)
lgl. (@:9); (4":q")n-;
For k=1 this reduces to
N,-
YN = Nt (2.35)
[LI]n—j
and, in particular, one can define
Ynj(q ]) q_n( n l]) (236)
Similar steps involving Eq. (2.28) give
Z,(\x:klg) = 2 £,/ (N Z;(x:klq). (2.37)
j=0
with
£,/ = MOk ), (2.38)
(4 i

One has {,j=v,; for k=1 as it should. Moreover 7,,={,,=\", by matching the dominant
coefficients on both sides. Note that Eq. (4.2) in Ref. 26 contains a typo as it does not fulfill this
last condition (it would give ,,=1). And of course one has {,;(1)=7,,(1)=46,;

Even though £,; and 7,; are defined for j=<n we extend for convenience their definition
through

(1= Yo=0 if j>n. (2.39)
2. Recurrence formulas
The Stieltjes-Wigert polynomials [Eq. (2.8)] satisfy

Su1(xlg) = (1= ¢")S,(xlq) +x¢"S,_1(xqlq), (2.40)
an identity used by Chihara in Ref. 28, to prove that the zeros of the polynomials satisfy
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Xnm < Xn—1,m < 4Xn,m+1> (241)

where n denotes the order of the polynomial and m indexes the zero. Note that the zeros of the SW
polynomials are an interesting quantity in the context of topological strings.29 In what follows, we
find the same identities for the biorthogonal polynomials.

Fundamental recurrence relation. Note that for the particular value A=¢~' Eq. (2.38) gives

gnj(q_l) = q_kn(5n,j - 5n—l,j) . (242)
This implies the following simple recurrence relation for Z,(x,k|q):
Z,(x.klq) = Z,-1(x.klg) = 4" Z,(q” 'x.klg). (2.43)

Certainly, if one writes the Zn(x,k|q)=2;’=07n!jxkj, it can be checked directly, from the explicit
expression in Eq. (2.16), that one has

Toj= Tuor;j= 4" 1, ), (2.44)

which implies the recurrence relation
For k=1, Eq. (2.43) reduces to the following relation for the Stieltjes-Wigert polynomials:

Sa() = St () = 4"Su(g7'y). (2.45)
Moment generating recurrences. From Eq. (2.20) one has (b, =1, b, _;=0)
bn+l,r — % _ nk+l bn,r—l (246)

lql, [a, 7 [al-

which implies the following recurrence relation for the Y, (x,k

q).

(1 - qn+l)Yn+1(x’k

q)=Y,(x.k

q) - q"'xY,(qx.k

q), (2.47)

or, equivalently,

xY,(x,k

Q) =q"" (Y, (g7 x.Klq) - (1 = ¢"™) Y, (g7 x.k|g)). (2.48)

We proceed in analogous way for Z,(x;k|g). For convenience we introduce coefficients c,,,
such that [one has 7, = (g %D/ (¢4:4M,)/(c,, 1 (d":4"),)]

1 n xqul/Z[kr(kr—l)]

Zatnklg) = (¢S G, (249
that is,
C,, (g7"*: gb),q" D)
@D, @ (250
Then, as in the previous case ¢, =1, ¢, _; =0, then
Cotlr  _ _ Cnr gk Cnr-l (2.51)

= q .
(¢":qY, (¢4, (¢":4"),

and one gets the recurrence relation for Z,(x;k

q),

(1 _ qk(n+1))zn+1 (x,k 61) _ an+[k(k+])/2]xkzn(qu,k

Q) = Zn(x’k

q), (2.52)

equivalently,
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CI) — q—nk+[k(k—l)/2](Zn(q— ¥,k

q) — (1 =gz, (g7"x.klq)). (2.53)

One can easily check that these recurrence relations both reduce, taking k=1, to Eq. (2.40).

To conclude this section, since we know the explicit behavior of the polynomials under
dilatation, we can employ Egs. (2.34) and (2.38), and then Egs. (2.48) and (2.53), to obtain an
explicit way to compute the moments (x'Y,(x,k|q)Z,,(x,k|q)). For instance, one has

kan (x,k

<XYn(x’k q)Zm(x9k C])> = q_nkkm(Yn,m(q_l) - (1 - qn+1)yn+1,m(q_l))
—(n+m)k
= Yunla™) = (1 =" Vs mlg™) - (2.54)
(g,

ll. FROM STIELTJES-WIGERT TO ROGERS-SZEGO: UNITARY MATRIX MODEL

The Stieltjes-Wigert matrix model posseses distinctive mathematical features, in comparison
with other, more usual models in the literature, such as matrix models with Gaussian or polyno-
mial potentials. The log-normal weight function leads to an indeterminate moment problem30’31
and consequently, the Stieltjes-Wigert polynomials are not dense in L?(x,w(x)) (see Refs. 8 and 10
for details). One of the consequences, discussed in Ref. 10, is the discretization of the Chern-
Simons matrix model. The result in Ref. 10 was (including here normalization constants)

N2 [ 2
)" ntscnonle)
2 0o i 2w i<j 2

q—1/2(1—2N+3N2) N ) g 2
= 2 e_(gl/2)2ini H (2 Slnh(j(nl - nk))) . (31)
ny

- M= """ Llale) s S i<k

Note the inversion of the coupling constant between the left-hand side (Ihs) and rhs.
In addition to this equivalence, we also can find a unitary matrix model that appears in
S3U (N) Chern-Simons theory, "

1 N de 0,0
Zes= f dU det O(Usq) = 7 J (1‘[ ’Oo(e“’flq))l'[ sinz('—‘>, (3.2)
UN) W] i1 27 i<j 2
where the integral is taken with respect to the Haar measure over U(N), and the theta function is
Oulelg) = 2 gV el (3.3)
jeZl

The Stieltjes-Wigert polynomials turn out to be intimately related to the Rogers-Szegd
polynomials,32’33 that are orthogonal on the unit circle. This is useful to establish in detail the exact
relationship between the Stieltjes-Wigert matrix model and the unitary model. Following Ref. 33,
we recall the definition and relations between the Rogers-Szegd and Stieltjes-Wigert polynomial.
The Rogers-Szegd polynomials are defined as

" ln
H,(2lg) =2 [ k] z, (3.4)
k=0 q
and they satisfy an orthogonality relation on the complex unit circle,
1 log w dw -
—¢  H,(-q "W@H,(- q'”ZWIq)@3(—g. I\@)— = %%, (3.5)
2im ) = 2i w q

where ©5(z|q) is the third Jacobi theta function.’* Note that the orthogonality coefficients #,,
=[q],,/ ¢ are identical to the ones (Stieltjes-Wigert) that directly give the Chern-Simons partition
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function in the S*U (N) case.® This is enough to write down a unitary matrix model for the
Chern-Simons partition function. However, let us show this point with detail. The polynomials are
also orthogonal with respect to a measure defined on the full real line,*

1 (* , .
—= H,(- q—l/ze—2l}l,x|q)Hn(_ q_l/262’“x|q)e_x2dx _ [Q;lnm S (3.6)
NTJ —x
introducing w through qu‘Z"z. Now consider the Stieltjes-Wigert polynomials S,Z(x),27
(_ l)nq(n/2)+l/4 n n 2 —
S =—=—21| | 4" (~g0"
Vlal, =LVl
(_ l)nq(n/2)+1/4 . o n n )
=——5,(- \@xlq) with 8,(z]q) = >, e (3.7)
Vgl k=0 Lk 1q
These polynomials fulfill the following orthogonality relation on the real line:
(7 -1/2 -2 & —1/2 -2 _— (g1
=] Sul=g7Peg)S, (- g e g)e ™ dx = o (3.8)
\"77 —o

Using an elementary property of the g-binomial coefficients, the two equivalent relationship fol-
low:

H,(x|g™") = S’n(q_"x|q) and S’n(x|q_1) =H,(q7"x|q). (3.9
Then

kK [© 2 02 4 P
PusPmde = P = f e S, (- ¢2)S, (- ¢'2)dz
NTJo

ik 7 en e .
= P 1/2_[ e k= (x — 1/2k%) Sn(_ q1/26x)Sn(_ q1/26x)dx

NTT
1 (™
—-1/2 -x“Q 172 ,=x/k\ Q —1/2 ,—x/k
= pm,nq — e Sn(_q e )Sn(_q e )dx
NTJ

1 (™ . .
= pm,nq_]/z/_—f eV H, (- g ¥ H,, (- g "*e ) dy
N

—00

_ 1 19— _ logw, —\dw
= Pundl ”27 H,(-q""*wlg)H,(- g ”2W|q)3( : I\’q)—
L J =1 l
2
de . 4 0
= ppnd™ f 2= g e ) H, (- g7 2f>’9|61)®3<5| w@) , (3.10)
0

where we also have used, between lines 3 and 4, the fact that S,(ac™2"|g) and H,(ae**|q) are
related by a Fourier transform.” We also introduced 2u=1/k and

(m+n+1)/2
P = (= )" T—=. (3.11)
\’ [q]m[QJll

The next line is given by the results of the previous section. Now consider Eq. (3.22) in Ref.
15, it reads
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zZ f ) elq) H(' (—lgi_0'>>2
ST N ae S

(- 1)N(N—l)/2 N |
:—f (H ”’M))H(elg DT (e7% - %)

|W| i=1 2 i<j i<j

_ \NN=D)2
S f (Hd%oo(e'@lq)) det (H,\ (") det (H_ (™). (3.12)

|W| i=1 2 Isi,jsN I<i,jsN

Then, considering that Refs. 15 and 33 have different conventions for the third Jacobi function one
sees that

| 0 -
B0 (¢’lg) = ®§A)<§|w)- (3.13)

Therefore, one can continue the computation and write

s = |W| 1<ij<N

1 \N(V-1)2 —
5 M< det ((—1)‘i_lq_u_l)/zV[‘]]j—lpj—l(zi)))2>, (3.14)

which then connects with the usual expression of the partition function in terms of the orthogonal
polynomials for the measure on the real line.

Incidentally, both Stieltjes-Wigert and Rogers-Szegd can be interpreted as the ground-state
wave function of a g-deformed harmonic oscillator.”® This is an appealing property as it has been
recently 2ghown that the Stieltjes-Wigert polynomial describes B-brane amplitudes on the
conifold.

IV. QUANTUM DIMENSIONS AS AVERAGES OF SCHUR POLYNOMIALS IN THE
STIELTJES-WIGERT ENSEMBLE

In this section we prove a formula for the averages of Schur polynomials that appears in Refs.
2 and 36, without relying on the equivalence with Chern-Simons theory.

Recall that Schur polynomials s, (Ref. 35) constitute a basis of symmetric functions in a given
set of variables x=(x;) and are indexed by Young’s diagrams \. If the variables x are seen as
eigenvalues of some matrix M e sl, then s,(M)="Tr\(M) is the trace of M in the representation
associated with A. The Schur polynomials may also be more directly defined in terms of the
skew-symmetric polynomials a #=det(xf‘-/+”_j) as

e s(X)
5 =—, 4.1
() asx) (4.1)
where a(x) is the Vandermonde in the variables x. The result we want to show is the following:
(sr(M), =g NG, (42)
with
Y™ = (n+ DN+ 2 (A= 20N, (4.3)

the Casimir of the representation labeled by Young’s diagram \ and |\| its total number of boxes.
Note that this quantity can be rewritten using Eq. (B6) as
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CY™ = p|\+2(n(\") = n(N)), (4.4)

where N’ denotes the conjugate partition. The quantum dimension is defined by the g-hook for-
mula (see, for instance, Sec. 4.4 in Ref. 37 for a clear discussion of the definition and properties
of quantum dimensions)

_ [n+c(x)]
P= L r “3

where for each box x=(i,j) of the diagram h(x)E)\i+)\jf—i— j+1 is the hook-length and c¢(x)
= j—i the content of x.

Case of 1-column diagrams. The quantum dimension of the jth fundamental representation of
sl,, which is associated (we will freely switch notations between Young’s diagrams and partitions
in the following) with the partition (1/), or a one-column Young tableau of length j, is

n
) (4.6)

q

D(lj) = dlI’Ilq A(]) =

Moreover, the monic Stieltjes-Wigert polynomials can be written as (the measure being here
normalized such that (1),,=1)

m () =2 (- 1)"_jq0_n)0+"+1/2){rf } x = (det(x — M)),. (4.7)
=0 J 1q

Besides, the following formula holds for the characteristic polynomial:

n

det(x — M) = 2 (= 1)" 5 (n-iy(M)x/, (4.8)
j=0

with s, (M) the Schur polynomial associated with the partition \. Therefore,

n

2 (= )" ey (M) = 2 (= 1)*@“"“*"*””{'7} X, (4.9)
j=0 Jj=0 J dq

from which we extract

n . . n
_ _—jl2(3n—j+1)
) :| =q J J
q

J J
Using Eq. (4.3), one sees that Eq. (4.10) is indeed consistent with Eq. (4.2).

General case. To study the case of general Young’s diagram we note that as a generalization
of Eq. (4.8), higher powers of the characteristic polynomial are generating functions for diagrams
with a higher number of columns. Relying on a formula first computed in Ref. 38 we then relate
the average of Schur polynomials to some determinant of Stieltjes-Wigert polynomials. From Ref.
35 (Sec. 1.4, example 5, p. 67) we see (taking a slightly more convenient notation)

(51 (M)),, = g 7Cn=*172) (4.10)

q

k n
[T G+y)= 2 simsio, (4.11)
i=1 j=1 N\ <k
where A=(\,,...,\,) is Young’s diagram with at most k columns as imposed by the condition
\; <k. The associate diagram X\’ is defined as (n—\,,, ...,n—=\,).

Therefore, if one considers —y; to be the eigenvalues of M, one immediately gets
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k
[T det-m)= 2 (= D)Moy (M)s5(). (4.12)
i=1 AN =k
By a standard result on characteristic polynomials,38 we have
k (X)) oor T (X))
11 det(x;-Mm) ) =——| : : : , (4.13)
i=1 P EY
M) e T ()

with as(x) the Vandermonde determinant of the x variables.
We now turn to the rhs, which we call A for convenience. From the explicit expression for the
Stieltjes-Wigert polynomials one obtains

k k )
asx)A = E 2 (o) (= 1)i1+~~~+ikH q—ij(2n+20'(j)—2—ij+1/2)1_[ [” +o(j) -1 ]xwgg)_]_ij
ifyee iy €S j=1 =1 i /

k
— 2 (_ 1)i1+~~-+ik+k(k—1)/2H q—ij(Zn—ij+1/2)—(}—1)(2n+j—1/2)
[STERN) Jj=1
k k
n+o(j)—1 .
S e DH
ves, g Lijro()=11/5

k k
- E (- 1)i1+~..+ik+k(k—1)/21_[ q—ij(Zn—ij+1/2)—(j—1)(2n+j—1/2) det ([n +b-1 ] )H x}’_i-f,
- j=1 1<ab<t\Li,+b—1]/5

in the second line we have relabeled i;—i;+0(j)—1. Now we study the determinant in the previ-
ous expression and show that if i;>--->1i

. ([n+b—1])_A )\[n] »
1Saitsk i,+b-1]1)" oM A (4.14)

with the constant A, (\) =q”()"), as we show in Appendix B. Here N\’ is the partition conjugate to \
and equal to (i;,ir+1, ..., +k—1). [ﬁ] is a notation generalizing the g-binomial coefficients [;’],
which is defined by the g-hook formula (we warn the reader that for convenience we adopt a
slightly different notation for [';] compared to Ref. 35 in the sense that its value for the partition
(17) is the usual Gaussian polynomiallif], whereas in Ref. 35, [';]:[(f)])

n 1— qn+c(x)
= —_— . 4.15
|:)\ :| xlgx I qh(X) ( )

This is nothing but the analog of quantum dimension Eq. (4.5) where instead of using the [-]
version of the g-integers one rather uses [-] (recall that [n]=¢"""" |n]). Identifying with the lhs of
Eq. (4.12) we obtain

(5,(M)),, = qu—ij(Zn—in/Z)—(j—l)(2n+j—l/2)qn()\')|:Z } _ (4.16)

The last step we need to perform now is to convert [i] in terms of D, and check that the prefactor
is given by Eq. (4.3). To this end we first note that due to Egs. (B8) and (B7) we have

n
|:}\:| =ql/2(n—l)|)\\—n()\)D>\ (417)

and
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1 1 3 b
Z—ij<2n—ij+z>—(j—l)(2n+j—z>=—<2n—5)|)\|+2)\j2—2ﬂ\j. (4.18)
J J

To rewrite things in terms of the partition itself, rather than its transposed, we use the relationship
DAF=2in=2(n(\") —n(\)) - A (4.19)
Collecting all the prefactors we can eventually write our final result

2 .
<5)\> — q—1/2((3n+1)|)\\+2i}\i _2')\")7))\, (4'20)

which coincides with Eq. (4.2).

V. CONCLUSIONS AND OUTLOOK

We have constructed the biorthogonal Stieltjes-Wigert polynomials, necessary for computing
expressions such as Eq. (2.1), which appear in Chern-Simons theory. The polynomials are not
discussed in the mathematics literature, so a great deal of effort has been devoted to the explicit
description of their fundamental properties.

The construction of the biorthogonal Stieltjes-Wigert polynomials may very well be a neces-
sary technical step for the computation of knot invariants in exact fashion employing orthogonal
polynomials. Note that, so far, the topological invariants computed with orthogonal polynomials
are only Chern-Simons partition functions [more precisely, only the case of S* with gauge group
U(N)].8 Indeed, according to Marifio,” the results in Ref. 4 can be extended in order to obtain
random matrix descriptions of other Chern-Simons observables. The case of torus knots, for
example, amounts to

P.Q) _
WO

e85/2(PON*~p)+(PIQ+QIP)p) f N

Ui _s.2ng ( . u,~—u~)< . ui—uA) y
—e =i’ "8s 2 sinh ——L || 2 sinh —— |, (e*),
PO L om 1;[} T op inh =5 )5 (")

(5.1)

where S)(x;) are Schur polynomials associated to the partition N [representations of U(N) are
labeled by partitions \].

That is to say, torus knots correspond to Eq. (2.1) studied here, but with an insertion of a
Schur polynomial. However, an obstacle could be the lack of a computational device for random
matrixlike quantities with such a term. Note that the case of an ordinary Gaussian Hermitian
matrix model with a Schur polynomial insertion was solved in Ref. 40 by purely combinatorial
methods, with no use of Hermite polynomials at all. Nevertheless, as we have seen in the last
section, a computation of the Stieltjes-Wigert ensemble with the Schur polynomial can be carried
out with a mixture of combinatorial and orthogonal polynomial techniques. Therefore, it turns out
that we have studied in detail the two cases comprised in Eq. (5.1): the biorthogonal case without
the Schur insertion and the average of the Schur polynomial in the orthogonal (P=Q=1) en-
semble.

We have also studied other aspects of the (ordinary) Stieltjes-Wigert polynomials that are of
direct relevance for the corresponding matrix model. In particular, we have discussed the close ties
with Rogers-Szegd polynomials, which are defined on the unit circle (both sets of polynomials
being an equivalent solution of a g-deformed harmonic oscillator problem). This relationship
allows us to clearly establish the relationship with the unitary matrix model discussed in Ref. 15.
Fundamental properties of the Stieltjes-Wigert polynomials such as their asymptotic behavior and
the above mentioned g-deformed harmonic oscillator property may be of interest in connection
with the recently established role of the polynomials in the study of topological strings.29 We hope
to address some of these issues in future work.
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APPENDIX A: NORMALIZATIONS

To follow standard conventions it is convenient to have the orthogonal polynomials either
monic or normalized to unity. Hence, we rewrite the previous ones a little bit (it will also make the
link with the usual Stieltjes-Wigert for k=1 more transparent).

1. Notations: k=1

From Szegé27 we have for the Stieltjes-Wigert polynomials

(- 1)nqn/2+1/4 i 2 i
pux) = ———— q" (= qn)", (A1)
Vlgl,  w=olvly

with [] , the g-binomial coefficient

{n} _ _ L4l
v], lalla).-

These polynomials are orthonormal for the scalar product (,),, induced by

Wwix) = e g, (A2)

/

N

1262

with g=e~ as usual. Note that one has

(1,1),,= 1/\g. (A3)

The S, polynomials in Eq. (2.8) to which Askey refers™ as the SW polynomials are written in a
slightly different form. They satisfy

q—n
(],

with (,) the scalar product associated with the measure Adx/[—x]..[—q/x].. with A a normalization
constant such that (1,1)=1.
Then, the polynomials defined by

<Sn’Sm> = 5n,m’ (A4)

5,0 = (- "\[gl.g"?S,(x) (AS)

are orthonormal for {,). One then sees that

palx) = 475, (\gw). (A6)

Since Al-Salam and Verma® have the same notations as Askey for the g-Laguerre polynomials,
we will make the same rewriting when using the biorthogonal Stieltjes-Wigert polynomials in the
context of Chern-Simons theory computations.
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2. k arbitrary

Normalizing and changing variables as in the previous section we define new polynomials

(_ l)nql/4

/_ n
R, (x.k|q) = —/k—Y,,(\r’qx,k @) =1 X"+ (A7)
AL
and
(_ l)n 1/4
T,(xKlq) = ———7,(Jqx.klg) = t, " + ... (A3)
\‘J n
Then one has
(n+1/2)%
q 2
rn’kz ’Tq(k Dn/2 (A9)
\VIgl,
and
V@ K+ 172)2=1/2[nk(k—1
o (nk 17212 k(= 1)] (A10)

t k=
(g9,

which reduce to ¢+1/2°/ \[4], when k=1 as expected. Then one has

(R, (x.k

q) Tl’l(x’ k

A= pn- (A11)
Following Egs. (2.48) and (2.53) the recurrence relations for these orthonormal polynomials read

—

xR, (x,k @)+ q "1 = g™ R, (g7 Xk

q)=q""A(R,(q""x.k q9) (A12)

X (x,k

k
q) = g k=2 2]<Tn(q‘ x,k|q) + g7 (1 - gDy ]':1 T (g7 x.k q)) :
n

(A13)

APPENDIX B: PROOF OF EQUATION (4.14)

Equation (4.14) is not obvious at first sight because when g=1, Giambelli’s formula (see, for
instance, Ref. 41, Eq. (16.114) for a nice presentation) would lead us to write

det (( " )):dim)\. (B1)
1<ab<k\\i,+b—1

However, classically one also has

n n+b-1
det ) = det . s (B2)
l<ab<k\\i,+b—1 I<ap<ik\\i,+b—1

which can be seen to hold by using Pascal’s identity. Nevertheless, Pascal’s identity in the quan-
tum case is slightly more complicated and reads

L ] 2
Gt T TG ) (B3)

and we thus see that in the quantum case the same kind of simplification cannot be shown to hold
as simply as in the classical setting.
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To prove Eq. (4.14) nevertheless, first recall that in the space of symmetric polynomials the
change of basis between the elementary symmetric polynomials (elementary symmetric polyno-
mials are special cases of Schur polynomials of 1-column diagrams, or ¢,=s A, in our notations) e,
and the Schur polynomials s, is given by [Ref. 35, Eq. (3.5)]

5\ = det(E)\l_’_i+j) N (B4)

where A=(\,=---=1,) is a partition and \’ its conjugate partition. This is actually nothing else
than Giambelli’s identity, written for the symmetric polynomials and not just for the dimensions of
the associated representations. To compute from this, note that if one considers x
=(1,q,...,q""), then one has (Ref. 35, Sec. 1.3, example 1, p. 44)

where n(\) is defined as

)\/
n\) =2 (i-1)\=2 (2 ) (B6)

i=1 j=1

and satisfies the following useful formulas:

> c(x)=n(\") =n(\) (B7)

XEN

for the content (Ref. 35, Sec. 1, Example 3, p. 11), and another one for the hook lengths (Ref. 35,
Sec. 1, Example 2, p. 11),

> h(x)=n(\) +n(\") + |\ (B8)

XeN

Let us come back to our computation and particularize Eq. (B4) to x=(1,q,...,¢"") that

gives
qn(m{”} =det(q()\l.'—i+j)(}\i'—i+j—1)/2 , ”. . ) (B9)
A N —i+]
or, introducing i,+a—1=X\/,
n(\) n — det( (i +b—1)(iy+b-2)/2 n ) B10
1 {x} 1 i +b-1]) (B10)
This is still not quite what we want. To proceed further note that according to Eq. (B3) one has
o 1 - n . n
G| P Genn + n( jG-1)2 ) B11
! L‘H]q L’H}‘“’ il 1y

Therefore, by multiple linear combinations of columns one can write

det<q(ia+b—l)(iu+h—2)/2|: ‘ n D — det<q(ia+b—l)(ia+b—2)/2|: n +h-1 ] ) . (B12)
i,+b—-1 i,+b-1

-2

Now, for convenience extract a factor glala in each line to get
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det( gliab=Dlig+b-2r2 n+b-1 ) = gRdliai)P) det( g D@irb-2)2 n+b-1 )
i,+b-1 i,+b-1
(B13)
To proceed further note the following property of the g-binomial coefficients:
ol ntb n+b Y n+b-1
gl =1 . +(g"" -1 . : (B14)
i,+b i,+b i,+b—-1
Therefore, once we write
S b ) n+b
b igrb-12| PEO L b2, b BIS
q [ia+b} q q [iﬁb}, (B15)

it is easy to see that

det<q(b—1)(2ia+b—2)/2 f“' b-1 ) =q G112 det( f“’ b-1 ) (B16)
i,+b-1 h+b-1

Collecting everything we thus have

det( n+b-1 ) = SU-DRFE Dk ]
i,+b-1 A

From which we finally obtain

AN =g"™"), (B17)

APPENDIX C: NOTATION FOR CHERN-SIMONS QUANTITIES

We give here some information about the Chern-Simons quantities that appear in the text,
mainly in Eq. (1.3). For more information, see Ref. 4 and references therein. To understand the
origin of other quantities in Eq. (1.3), one has to take into account the constructions of Seifert
homology spheres from surgery. Seifert homology spheres can be constructed by performing
surgery on a link £ in S* with n+1 components, consisting on n parallel and unlinked unknots
together with a single unknot whose linking number with each of the other n unknots is one. The
surgery data are p;/q; for the unlinked unknots, j=1,...,n, and O on the final component. p; is
coprime to g; for all j=1,...,n, and the p;’s are pairwise coprime. After doing surgery, one obtains
the Seifert space M=X(p,/q,, ...,p,/q,)- This is rational homology sphere whose first homology
group H,(M,Z) has order |H|, where

n

H=PX % and P=]]p, (1)
j=1Pj =1

Another topological invariant that will enter the computation is the signature of £, which turns out
to be

a(L)=2, sgn(%) - sgn(g). (C2)
i=1 i

For n=1,2, Seifert homology spheres reduce to lens spaces, and one has that L(p,q)=X(g/p). For
n=3, we obtain the Brieskorn homology spheres %(p,,p,,p3) (in this case the manifold is inde-
pendent of g;,q,,q3). In particular, 2(2,3,5) is the Poincaré homology sphere. Finally, the Seifert
manifold X[2/-1,m/(m+1)/2,(t—m)/1], with m odd, can be obtained by integer surgery on a
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(2,m) torus knot with framing ¢. Note that in Eq. (1.3) the weight and root lattices of G are
denoted by A,, and A,, respectively.

Finally, there is a phase factor in Eq. (1.3) that comes from the framing correction, which
guarantees that the resulting invariant is in the canonical framing for the three-manifold M. Its
explicit expression is

H) < :
$=3 sgn(—) + 2 125(g;,p;) = Z, (C3)
P i=1 p

i

where (L) is again the signature of the linking matrix of £ and s(p,q) is the Dedekind sum,

q-1
s(p,q) = ﬁ% cot(%)cot(?). (C4)
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